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REMARKS ON SYMPLECTIC MEAN CURVATURE FLOWS IN KAHLER 
SURFACES WITH POSITIVE HOLOMORPHIC SECTIONAL CURVATURES 

SHIJIN ZHANG 


Abstract. In this paper, we mainly study the mean curvature flow in Kahler surfaces with 

positive holomorphic sectional curvatures. First, we prove that if the ratio A of the maximum and 

the minimum of the holomorphic sectional curvatures < 2, then there exists a positive constant 

5 > 29(A 1) such that cos o > 5 is preserved along the flow, improving the main 

V(48-24A)2 + (29A-29)2 “ ^ ^ > F B 

theorem in [LY]; Secondly, as similar as the main theorem in [HLO], we prove that when cos a is 

close to 1 enough, then the symplectic mean curvature flow exists for long time and converges 

to a holomorphic curve; Finally, we prove that the symplectic mean curvature flow on Kahler 

surfaces with A < 1 + exists for long time and converges to a holomorphic curve if the initial 

surface satisfies a pinching condition, which generalize one of the main theorems in [HLY]. 


1. Introduction 

Let {M, J,uj,g) be a Kahler surface. For a compact oriented real surface E which is smoothly 
immersed in M, the Kahler angle a of E in M was defined by 

w|e = cosad^s 


where dfis is the area element of E in the induced metric from g. We say that E is a symplectic 
surface if cos a >0; E is a holomorphic curve if cos a = 1. 

It is important to find the conditions to assure that the symplectic property is preserved along 
the mean curvature flow. In the case that M is a Kahler-Einstein surface, the symplectic property 
is preserved. If the ambient Kabler surface evolves along the Kahler-Ricci flow, Han and Li [HLl] 
proved that the symplectic property is also preserved. In [LY], Li and Yang found another condition 
to assure that the symplectic property is preserved along the mean curvature flow. In this note, we 
will improving their conditions to assure that along the flow. 

In this paper we only consider the ambient Kahler surface with positive holomorphic sectional 
curvature. Denote the minimum and maximum of holomorphic sectional curvatures of M by ki 
and k 2 , and A = |^. Then we have the first theorem. 

Theorem 1.1. Suppose M is a Kabler surface with positive holomorphic sectional curvatures. If 
1 < A < 2 and cosa(',0) > 6 > 29(a-i) then along the How 

- \ ’ J — ^(48-24A)2 + (29A-29)2 ’ ^ ■' 


( 1 ) 



A) COSO > IVJej P cosa + C sin^ a. 


where C is a positive constant depending only on fci,/c 2 ctnd 5. As a corollary, mins^cosa is 
increasing with respect to t. In particular, at each time t, Ej is symplectic. 
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Remark 1.1.1. The main theorem in [LYl, the lower bound of S is . ^ ' for A € 

‘ ■' i/(53A-53)2 + (48-24A)2 •' 

[1, and 5 ^ 2 +^i 2 6A)^ ^ G It") 2). It is easy to check that for each A G [1,2), then 

29(A-1) . , 53(A-1) 8A-5 

a/( 48-24A)2 + (29A-29)2 V(53A - 53)2 + (48 - 24A)2 y/( 8 A - 5)2 + (12 - 6A)2 ^ 

Hence we improving the result of the Main Theorem in [LY], 

In analogy to the main theorem in [HLO], we also prove the following theorem for a Kahler surface 
with positive holomorphic sectional curvature and 1 < A < 2. 

Theorem 1.2. Suppose that M is a Kahler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kahler angle of the surface S* which evolves by the mean curvature 
flow. Suppose that cosa(-,0) > 2 T/^' 4 ^( 58 A ss)^ ' Then there exists a sufficiently small constant 

€i such that if ‘'cosa(x,’o) and ei satisfying 

^ 2 g 2 ^ 6 (i_g-j( 2 -A)fci )2 

^ “ 4Alrea(So) ’ 

there ro is defined in Remark 4-I-Iy and cq is the constant in White’s theorem (Theorem f.l in the 
present paper), the mean curvature flow with initial surface Eq exists globally and it converges to a 
holomorphic curve. 

As a consequence, we obtain that 


Corollary 1.2.1. Suppose that M is a Kahler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kahler angle of the surface Et which evolves by the mean curvature 
flow. If there exists a positive constant 6 such that 


cosa(-, 0 ) > 6 > 


_ 29(A- 1) _ 

a/(48- 24A)2 + (29A- 29)2 


and has the longtime existence. Then the mean curvature flow converges to a holomorphic curve. 


Han, Li and Yang proved the following theorem with constant holomorphic sectional curvature, 
see Theorem 3.2, Theorem 4.1 and Theorem 4.2 in [HLY]. 

Theorem 1.3 (Han-Li-Yang). Suppose Y is a symplectic surface in CP^ with constant holomorphic 
sectional curvature fc > 0. Assume that \A\‘^ < crjiLp + ^^^k and cos a > holds on the 

initial surface for any 5 < cr < |, then it remains true along the symplectic mean curvature flow. 
Furthermore, the symplectic mean curvature flow exists for long time and converges to a holomorphic 
curve at infinity. 


In this paper, we also prove the similar theorem with positive holomorphic sectional curvature. 

Theorem 1.4. Suppose Y is a symplectic surface in the Kahler surface {M, J,u),g) with positive 
holomorphic sectional curvature and 1 < A < 1 + 2 ^, and |Vi?TO| < Kki{\ — 1) for a positive 
constant K < min{2, 2ki}. For any a satisfying ^ < o' < cmd we set 

b = ^^^(8 - 7A) - 4K{X - 1), 
a 
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and 


oi — 9(A + 1)^, 


02 =9(A + 1)2 


12(3-4cr) 
2 cr- 1 




03 


350 - 444cr 
2 cr - 1 


(A-l) + 


8(3 - 4cr) 
2cr- 1 



8(3-4a)(a + l) , 
(2a-1)2 


to — 


02 + \/a| + 40103 
2oi 


S = max{fo, 


13A- 10-, 
3(A + 2) ^ 


If we assume that \A\'^ < cr\H\‘^ + bki and cos a > VS holds on the initial surface, then it remains 
true along the symplectic mean curvature flow. Furthermore, the symplectic flow exists for long 
time and converges to a holomorphic curve at infinity. 


Remark 1.4.1. If \ = 1, then | and 

7a - 3 + y'ija - 3)2 + 4(3 - 4a)(3a - 2) 7a - 3 

to = - ^ -. 

6 a 3a 

Hence even in the case of \ = 1, the above theorem improving Han-Li-Yang’s Theorem (Theorem 
1.3). 


Remark 1.4.2. By Lemma \2.3l if X < |, then the sectional curvature of M is positive, implies that 
the bisectional curvature is positive. By Frankel conjecture, which was proved by Siu-Yau [SY] using 
harmonic maps and by Mori [M] via algebraic methods, then the Kdhler surface is biholomorphic 
to CP2. 


2. Preliminaries 


2.1. Evolution Equations. Suppose that E is a sub manifold in a Riemannian manifold M, we 
choose an orthonormal basis {ci} for TY, and {ca} for NY. Given an immersed Fq : E —>■ M, we 
consider a one parameter family of smooth maps Ft = F(-,t) : E —>■ M with corresponding images 
Yt = Ft{Y) immersed in M and F satisfies the mean curvature flow equation; 


■§tF{x,t) = H{x,t) 
F(x,0) =Fo(x) 


Recall the evolution equation for the second fundamental form /i“ and |A|2 along the mean 
curvature flow (see[CJl], [HLY], [SI], [W]). 


Lemma 2.1. 


d 

—h°‘- =A/i“ 
dt^ 


{X/kHm)(X/jRm')ctkik ‘IRiijkhn^ 

Y ‘^RaPjkht],. Y ‘I.R^jSikhRlkikhij Rlkjkhti 

+ Y h%hZ,) Y KmhLA, 


( 3 ) 
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where Rabcd is the curvature tensor of M and V is the covariant derivative of M. Therefore 

(4) =A^ — 2|VA|^ + [{S/kRm)aijk + j Rm) akik]hfj 

- mu^kh^kK^ + SRa^pjkhih^j - ARlk^khfJh% + 2R^kpkhf^hfj + 2 Pi + 2^2 

where 

P,=i:^,p,.,,{^k{hfkh%-h^khi))\ 

P2 = 

(5) = A|P|2 - 2|VPp + 2R^kpkH^HP + 2 P 3 
where 

Choose an orthonormal basis { 61 , 62 , 63 , 64 } on {M,g) along St such that { 61 , 62 } is the frame 
of the tangent bundle Tl^t and { 63 , 64 } is the frame of the normal bundle ASt. Then along the 
surface St, we can takes the complex structure on M as the form (cf. [HLY]) 

y ^ \ 

-z y 

0 — cos a 

cos a 0 J 

y z \ 

z -y 

0 cos a 
— cos a 0 J 

Since Kahler form is self-dual, then J must be the form O- 

Remark 2.0.3. In fact, the above argument also shows that the Kahler form is self-dual. If J is 
the form (0), then the Kahler form is anti-self-dual, i.e., *uj = —ui, it is impossible for Kahler form. 
Hence J must be the form then the Kahler form uj must be self-dual. 

Recall the evolution equation of the Kabler angle cos a (cf. [CLl], [HL2]), 

Lemma 2.2. The evolution equation for cos a along St is 

Q _ 

( 8 ) (— — A) cos a = IVJst P cos a -I- sin^ Q!ffic( Jei, 62 ). 

Here 

( 9 ) WJ^.? = \h\k + hlk? + \hlk-hlk\\ 

|VJejP is independent of the choice of the frame and only depend on the orientation of the 
frame. It is proved in ([CLl], [HLl]) that 

|VJsj"> 

IV cos ap < sin^ aj V Jsj p. 
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( 6 ) 


or 


( 7 ) 


J = 


J = 


/ 0 cos a 

— cos a 0 

-y z 

V -y 

( 0 cos a 

— cos a 0 

-y -z 

\ -z y 


( 10 ) 

and 

( 11 ) 
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2.2. Curvatures. In this subsection, we first recall the definitions of Riemannian curvature and 
the holomorphic sectional curvature; secondly, we give some estimates of Riemannian curvatures 
by holomorphic sectional curvature. 

The Riemann curvature tensor R of (M, g) is defined by 


R{X, Y, Z, IT) = -giVxVyZ - Vy^xZ - V[x,y]Z, IT) 


for any vector fields X, Y, Z, IT. 

Set R{X, Y) = R{X, Y, X, Y) and R{X) = R{X, JX). Fix a point p G M and a two-dimensional 
plane 11 C TpM. The sectional curvature of 11 is defined by 


Kill) 


R{X,Y) 

giX,X)giY,Y)-giX,Y)^ 


where {X,Y} is a basis of 11, we also denote it by K{X,Y). For a Kabler manifold {M,g,J), 
if the two-dimensional plane 11 is spanned by {X,JX}, i.e., 11 is a holomorphic plane, then the 
sectional curvature of 11 is called a holomorphic sectional curvature of 11, we denote it by K{X), 
where {X, JX} is a basis of H. Then 


K{X) 


Rjx) 

9{X,X)^- 


It is well known that we can express the sectional curvatures by holomorphic sectional curvatures. 


Theorem 2.1. The sectional curvatures of M can he determined by holomorphic sectional curva¬ 
tures by 

^^2) RiX, Y) =^[3RiX + JY) + 3RiX - JY) - R(X + T) - i?(X - Y) 

- m{X) - ARiY)]. 

Theorem 2.2. For any vector fields X,Y and Z on M, 

(13) RiX,Y,X,Z) = ^{RiX,Y + Z) - RiX,Y - Z)). 

Lemma 2.3. For any two orthogonal vectors X and Y, set \X\^ = a, |Tp = b,< JX,Y >= x, 
then 

(14) R{X, T) < — [(3(o -k 5)2 -h 12x‘^)k2 - + 36^ 2ab)ki] 

16 

and 

(15) R{X,Y) > — [(3(a-k5)^ -k 12a;2)A:i - {3a^ + Sb"^ + 2ab)k2] 

16 

Proof. Since 

(16) <X + JY,X + JY>= |X|2 -2<JX,Y> +|T|2 = a + b-2x, 
and 

(17) < X - JY,X - JY >= a + b + 2x,< X + Y,X + Y >=< X - Y, X - Y >= a + b, 
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by (fT^ . we have 
RiX,Y) 

(18) ^ + b — 2x)^k2 + 3(a + b + 2x)^k2 — (a + 6 )^fci — (a + b)^ki — Aa^ki — Ab'^ki] 

= — [(3(a + b)^ + 12x^)k2 — (3a^ + 3b^ + 2ab)ki] 

16 

and similarly 

(19) R{X, Y) > ^[(3(a + bf + I2x^)ki - {3a^ + 36^ + 206 )^ 2 ] 

□ 

Lemma 2.4. For the orthonormal basis { 61 , 62 , 63 , 64 } on {M,g) along Sj and takes the form J as 
&■ Then we have the following estimates: 

1 ) |[(3 + 3cos^ a)ki - 2 k 2 ] < R 1212 < ^[(3 + 3cos^ a)k 2 - 2ki]; 

2) i[(3 + 3cos^ Q;)fci - 2 fc 2 ] < i ?3434 < |[(3 + 3cos^ a)k 2 - 2ki]; 

3) i[(3 + 3y'^)ki - 2k2] < i?i3i3 < 3[(3 + 3y'^)k2 - 2ki]; 

4) i[(3 + 3y'^)ki - 2k2] < i?2424 < i[(3 + 3y‘^)k2 - 2ki]; 

5) i[(3 + 3z^)ki - 2k2] < -R 1414 < ^[(3 + 3z^)k2 - 2ki]; 

6 ) i[(3 + 3z^)ki - 2 k 2 ] < R 2323 < |[(3 + 3z‘^)k2 - 2ki]; 

7) ^[(23 + 6 (cosa + y)‘^)ki - (23 + 6 (cosa - y)‘^)k 2 ] < R 2131 < ^[(23 + 6 (cosa + y)^)fc 2 - 
(23 + 6 (cosa — y)'^)ki]; 

8 ) ^[(23 + 6 (cosa — y)^)ki — (23 + 6 (cosa + y)^)k 2 ] < 7?2434 < i^[(23 + 6 (cosa — y)‘^)k 2 — 
(23 + 6 (cosa + yY)ki\; 

9) ^[(23 + 6 (cosa + yY)ki — (23 + 6 (cosa — yY)k 2 ] < 7?i242 < i^[(23 + 6 (cosa + yY)k 2 — 
(23 + 6 (cosa — yY)ki]; 

10) ^[(23 + 6 (cosa — zY)ki — (23 + 6 (cosa + zY)k 2 ] < 7?i232 < ^[(23 + 6 (cosa — zY)k 2 — 
(23 + 6 (cosa + zY)ki]; 

11) ^[(23 + 6 (cosa + zY)ki — (23 + 6 (cosa — zY)k 2 ] < 7 ? 2 i 4 i < ^[(23 + 6 (cosa + zY)k 2 — 
(23 + 6 (cosa — zY)ki]; 

12 ) ^[(23 + 6(?/+z)2)fci-(23 + 6 (y-z) 2 )/c 2 ] < 7?3i4i < ^[(23 + 6(?/+2;)^)fc2-(23+6(y-z)2)fci]; 

13) ^[(23 + 6(y-z)^)fci-(23 + 6(y+z)^)A:2] < ^3242 < ^[(23 + 6(j/-2;)^)fc2-(23+6(j/+z)2)fci]; 

14) i^[(10 + 6cos^ Q;)fci — (10 + 3sin^ 0 )^ 2 ] < -R 1234 < i^[(10 + 6cos^ a)k 2 — (10 + 3sin^ a)ki]. 

15) i(6A:i - 3fc2) < Rh < \{Qk2 - 3fci)(l < i < 4). 

16) |i?34| < 22^^f^(fc2-fci). 

Proof. By ([7]), we have 

• J 6 i = cosa 62 + J/63 + 2:64, 

• J 62 = — cos 061 + -263 — 2 / 64 , 

• J 63 = —yei — ze 2 + cos 064 , 

• Jc 4 = —Z 61 + 2/62 — cos 063 . 

Hence < Jei,e 2 >=< Je 3 ,e 4 >= cosa, < Jei,e 3 >=< Je 4 ,e 2 >= y, < Jei,e 4 >=< 762,63 >= 
z, then by Lemma [231 we get l)- 6 ). 

By Theorem 12.21 

-R 12 I 3 = ^(-R(ei: 62 + 63 ) — i?( 6 l, 62 — 63 )). 
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Since Jei = cos ae 2 + yea + ze 4 , < Jei, 62 + 63 >= cosa + y and < Jei, 62 — 63 >= cos a — y. Then 
by Lemma 12.31 

(21) ^[(27 + 12(cosa + yf)ki - 19 fc 2 ] < i?(ei,e 2 + 63 ) < ^[(27 + 12(cosa + y f)k 2 - 19fci], 
and 

(22) ^[(27 + 12(cosa - y)‘^)ki - 19^2] < R{ei,e 2 - 63 ) < ^[(27 + 12(cosa - y f)k 2 - 19ki], 
Hence 

7?i 213 < ^[(46 + 12(cosa + y)'^)k 2 - (46 + 12(cosa - y)^)fci] 

(23) 

= —[(23 + 6 (cosq; + y)^)k 2 — (23 + 6 (cosa — y)^)fci] 

OZi 

and 

(24) i?i 2 i 3 > -^[(23 + 6 (cosa + yf‘)ki - (23 + 6 (cosa - y)^)^] 

Hence we obtain 7). 

Using Theorem 12.21 Lemma 12.31 and the same argument as in the proof of 7) , we can obtain 
8)-13). 

It is easy to check the following identity 
24i?i234 

(25) =7?(ei + 63,62 + 64 ) - i?(ei + 63 , 62 - 64 ) - R{ei - 63,62 + 64 ) + i?(ei - 63,62 - 64 ) 

— i?(ei + 64,62 + 63 ) + R{ei + 64,62 — 63 ) + R{ei — 64,62 + 63 ) — i?(ei — 64,62 — 63 ) 

Then by Lemma [2.31 we get 

(26) 2[(10 + 6 cos^ a)ki — (10 + 3sin^ Q;)fc 2 ] < 24i?i234 < 2[(10 + 6 cos^ a)k 2 — (10 + 3sin^ a)ki]. 
Hence 

(27) ^ [(10 + 6 cos^ a)ki — (10 + 3 sin^ 0 )^ 2 ] < 7?i234 < ^ [(10 + 6 cos^ a)k2 — (10 + 3 sin^ a)ki] 
Therefore we get 14). 

By 1)-14), it is easy to get 15) and 16). □ 

3. Lower bound along the mean curvature flow 

In this section, we following the argument in [LY] to prove the first main theorem of this paper, 
which improving the main theorem in [LYj. 

Theorem 3.1. Suppose M is a Kdhler surface with positive holomorphic sectional curvatures. If 
1 < A < 2 and cosa(',0) > S > 29(a-i) then alonq the How 

- V ) y - ^(48-24A)2 + (29A-29)2 ’ ^ '' 

d 

(28) (— — A) cosa > [VJst P cosa + C sin^ a, 

where C is a positive constant depending only on ki,k 2 and 5. As a corollary, mins^cosa is 
increasing with respect to t. In particular, at each time t, Sj is symplectic. 
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Proof. For simplicity, we can take y = sin a, z = 0 in the form of J. In order to prove this theorem, 
we need to estimate Ric(Jei,e 2 ). then 

4 

Ric(Jei,e2) = ^ R( Jei, e^, 62, e^) 

4 

( 29 ) = ^ i?(cosae2 + sinaes, e^, 62, Cj) 

= cos Q!i?22 + sinQ!(iii2i3 + i?4243) 

= COS Q;i?22 + sin Q;i?23 ■ 


By Lemma [2.41 we have 


(30) 
and 

( 31 ) 


R22 — R1212 + R3232 + R4242 > 3 fci 



29 

I-R 23 I = |I?1213 + R 4243 I < — ki). 

lb 


Hence we have 


(32) 


2 _2q 

Ric(Jei,e 2 ) > cosa(3A:i — -k 2 ) — \/l — cos^ a — {k 2 — ki) 

2 16 


29 ! - zy ! - 

= (3 cos a H-V 1 — cos^ a)ki — (- cos a H-V 1 — cos^ 0)^2- 

16 2 16 


29 


29(A-1) 


It follows that if 1 < A < 2 and cos a > 

— ^(48-24A)2 + (29A-29)2 

positive. Hence we obtain the Theorem 4.1. 


, then the right hand side of (28) is 

□ 


Remark 3.1.1. Comparing to the proof in [LY], we do more carefully to estimate the term R 1213 + 
-R 4243 by Lemma\2^ 

As same as Corollary 1.2 and Theorem 1.3 in [LY], we also have the following Corollary and 
Theorem. 

Arguing as in [CW] by strong maximum principle, we have 

Corollary 3.1.1. Suppose M is a Kdhler surface with positive holomorphic sectional curvatures 
and 1 < A < 2, then every symplectic minimal surface satisfying 

29(A- 1) 

COS Ck, ^ _ 

v'(48 - 24A)2 + (29A - 29)^ 

in M is a holomorphic curve. 

Arguing exactly in the same way as in [CLl] or [W], we have 

Theorem 3.2. Under the same condition of Theorem 3.1, then the symplectic mean curvature flow 
has no type I singularity at any T > 0. 
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4. When cos a is close to 1 

In this section, we will use the same argument of Han and Li [HLO], to prove that Kahler manifold 
M with positive holomorphic sectional curvature and 1 < A < 2, when cos a is close enough to 1, 
then the mean curvature flow exists globally and converges to a holomorphic curve. 

Proposition 4.1. Suppose that M is a Kahler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kahler angle of the surface St which evolves by the mean curvature 
flow. Suppose that cos a{;0) > ■ Then 


sin^ a 


dpit < 


/ / \H\^dpitdt < 

Jt J'Et 


where Co is a constant which depends only on the initial surface, Co = c‘L alxo) ■ 


Proof. By Theorem 3.1, we know cosQ;(-,t) > 


curvature how. Since cos a > 


58(A-1) _ 

/(48-24)2 + (58A-58)2 


58(A-1) jg 

/(48-24)2 + (58A-58)2 

then by (32), we have 


is preserved along the mean 


Hence 


i?fc(Jei, 62 ) > -(2 — X)ki cosa. 


(—-A) cosa > |VJeJ^ cosa + -(2 — A)A:i cosasin^ a > -(2 — A)A:i cosasin^ a. 


From the evolution equation of cos a, we have 

A)^— 

ot cos a 

_ (^-A) cos a 2|V cosap 

cos^ a cos^ a 

^ 3 (2 — A)A:i sin^ a 2|Vcosap 

“ 4 cos a cos^ a 

From the proof of Proposition 2.1 in [HLO], we have J^^cosadpt = is constant under the 

continuous deformation in t. 

We therefore have 

d f sin^ a , 


=-^ [ - cosa)dp,t = [ -^—dpt 

ot cosa ot cosa 

= ( (I A)^dpt- f ^dyit 
./v. ot cosa Jt. cosa 


<--( 2 -A)A:i 


sin^ a 
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So 


d f sin^ a , 3 ,,, 

dut < --(2 - A)fci 


sin^ a 


dt cos a 


cos Of 


dfit- 


Then it is easy to get that 


that is, 


It follows from (35) that 


sin^ a 


cos a 


dfit < / ^-^dfio, 


COS a 


sin^ a 


cos a 


diit < 


f I tt <‘2 , 9 f sim a , 

/ i? (i/xt < -— / - dfit. 

Jst 9t Jst cos a 

Integrating the above inequality from t to t + I, we obtain that 


^i+l 


im^dfitdt < 


sin^ a 


cos Of 


dfxt < 


^ t J St 

This proves the proposition. 

We derive an L^-estimation of the mean curvature vector on the time space. 


□ 


Proposition 4.2. Suppose that M is a Kdhler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kdhler angle of the surface which evolves by the mean curvature 
flow. Suppose that cosa(-, 0) > 58(a-i) .Then 

■' ^ ^ ^(48-24)2 + (58A-58)2 


(36) 


/o 




where the constant Co is defined in Proposition 4-1. 
Proof. We have 


>0 


\H\dptdt < ^ 


fe=o 

m i-k+i 

4i:</ 


k=0 


\H\dfj.tdt 

-t 

iHfdptdty/^i Alrea(I]i))^/^ 

Ct dk 


m .fc+i 


j j rKO-i n 

< Area(I]o)^/^ ^( / / \H\‘^dp.tdtf^‘^ 

k=o 


[T] 


<C'o'/"Alrea(So)i/^^e-t(2-A)fciA 

k^O 

/ M/2 4lrea(Eo)^/^ 

- i_e-|(2-Wr 


This proves the proposition. 


□ 
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Remark 4.0.1. Han and Li [HLO] proved the above propositions in the case of Kabler-Einstein 
manifold M with positive scalar curvature R. 


sin^ a 


/st cos a 

rt-ei 


-dpt < Coe 


— Rt 


\H\'^dptdt < Cqc 


— Rt 



\H\dptdt < {CoyC 


Area{Y,oyC 

1 - e-«/2 


We recall White’s local regularity theorem. 

Let H{X,Xo,t) be the backward heat kernel on Define 

(37) = 4,(i„ - 

for t < to- Let Im be the injective radius of We choose a cutoff function f G C§°(B 2 r(Xo)) 
with ^ = 1 in Hr(Xo), where Xo G M,0 < 2r < Im- Choose normal coordinates in B^riXo) and 
express F using the coordinates {F^, F'^, , F'^) as a surface in The parabolic density of the 
mean curvature flow is dehned by 


(38) 


<^{Xo,to,t) = [ HF)p{FA)dtit- 

JSt 


The following local regularity theorem was proved by White (see [Wh, Theorems 3.1 and 4.1]). 


Theorem 4.1. There is a positive constant cq > 0 such that if 

(39) 4>(Xo, to7 fo ~ c^) < 1 + eo, 

then the second fundamental form A{t) ofT,t in M is bounded in Br/ 2 iXo), that is, 

(40) sup |.4| < C, 

Br/2X (*0-7-2/4,to] 

where C is a positive constant depending only on M. 


Remark 4.1.1. Since Sg is smooth, it is well known that 

lim f (f>{F) — 


r—>-0 


4777-2 


dpo = 1 


for any Xo G So- So we can find a sufficiently small rg such that 

j- (\F-Xo\Cir^) en 

Ij{F) --dMo<l+2 


i.e., 

$(Xo,r2,0)<l + | 

for all Xo G M, where eg is the constant in White’s theorem. 


We state the main theorem in this section as following. 
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Theorem 4.2. Suppose that M is a Kdhler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kdhler angle of the surface St which evolves by the mean curvature 


flow. Suppose that cos a{-, 0) > 


58(A-1) 


.Then there exists a sufficiently small constant 


Y^(48-24)2 + (58A-58)2 

Cl such that if Cq < ci and ei satisfying 

^ “ 44lrea(So) ’ 

there Cq is defined in Proposition f.l, tq is defined in Remark 0,'n-d cq is the constant in 

White’s theorem, the mean curvature flow with initial surface Sq exists globally and it converges to 
a holomorphic curve. 

Proof. The argument is same as in Han and Li [HLO]. For convenience of readers, we provide the 
argument here. 

Fix any positive number T. By the definition of we have 


(41) 


= f 


^-\F-Xof/iP 

- dp,t-r^. 


Differentiating the above equation with respect to t, we get that 

g-|F-Xo|V4r^ 


^MXo,t,t-r^)= [ <V(j>,H> 


47rr^ 


df^t-r 


^ < F — Xo,H > \p_Xa\'^/iF 

STrr"* 


dp,t-r 




-‘t — r 
^2 


„-|F-Xo|V4r 

A'lir'^ 


~dfj.f—.p 


Integrating the above equation from to T, and set r = vq, then we get 

cT 


^Xo,T,T-rl)<^Xo,rlO) + £ 


g-|F-Xo|V4r-^ 

IWII-ff|- 1 —2- dp.t_r 


' 0 




Using Remark 4.1.1, Proposition 4.1 and 4.2 and noting that we can choose (f such that |V(/)| < 
we obtain that 


$(Xo,T,T-r2) 


<1 + 


eo 


1 ^(j^Y/2_AreafPof/^ 


2FrQ 


1 _ e-|(2-Ufei 




2Frg 


Hrea(So)^/^ 

1 _ e-|(2-Ufei 


2 

<l + eo. 

we have use that e~Fx < < 5 in the Inst inequality. 

Applying White’s theorem we obtain a uniform estimate of the second fundamental form which 
implies the global existence and the convergence of the mean curvature flow. By Proposition 4.2, 
we have that 


sin^ a 


cos a 


dpLt < 
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Symplectic mean curvature flows 


Let t —>■ oo and (2 — A)fci > 0, we get 


sin^ a 


d^oo — 0 ■ 


cos a 

It follows that costtoo = !> that is, Soo is a holomorphic curves. This proves the theorem. □ 

Corollary 4.2.1. Suppose that M is a Kdhler surface with positive holomorphic sectional curvature 
and 1 < A < 2. Let a be the Kdhler angle of the surface which evolves by the mean curvature 
flow. If there exists a positive constant S such that 

cosa(-,0) > (5 > 

v/(48- 24A)2 + (29A- 29)2 

and has the longtime existence. Then the mean curvature flow converges to a holomorphic curve at 
infinity. 

Proof. We just consider the case of A > 1. 

Since d > 29 (a-i) choose K = 24(2-a) — ^ 2 g 

v'(48-24A)2 + (29A-29)2 ^^-1(^-1) 

K{X-1) ^ 29(A-1) 


COSQ;(-,0) > 


> 


v/(48 - 24A)2 + {KX - Kfl i/(48 - 24A)2 + (29A - 29)2 
Then we can obtain the result from the proof of Theorem 4.2. 

5. Pinching estimate 


□ 


This section, we prove a theorem generalizing Theorem 3.2 in [HLY]. First we recall a lemma in 
[HLY] 


Lemma 5.1. For any rj > 0 we have the inequality 
(42) 




where wf = T^iRaui, |u>“p = Si|w“|2 and |wp = Eq,|w“P. 

Now we can prove the following theorem. 

Theorem 5.1. Suppose H is a symplectic surface in the Kdhler surface {M, J,uj,g) with positive 
holomorphic sectional curvature and 1 < A < 1 + and |Vi?TO| < KkflX — 1) for a positive 
constant K < min{2, 2ki}. For any a satisfying ^ t < |, and we set 


and 


b = ——^-(8 - 7A) - iKiX - 1), 


0-1 — 9(A + 1)^, 
02 = 9(A + 1)2 - 


2 ct - 1 


350 - 444cr 


8(3 - 4a) 




41 ^ 8(3-4a)(a + l) . 


(2a-1)2 


bfl 


02 + 1/03 + 40103 13A-10 

=-2^-• * = Tim’ 
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If we assume that \A\^ < cr\H\'^ + bki and cos a > y/S holds on the initial surface, then it remains 
true along the symplectic mean curvature flow. 

Proof. Since we assume A < 1 + we have 

_ 29(A- 1) _/ l3A- 10 ^ 

v'(48 - 24A)2 + (29A - 29)^ 3 “ y 3(A + 2) “ 

Then by Theorem 4.1 we know cos a > VS is preserved by the mean curvature flow. 

Since |Vi?m| < Kki{\ — 1), Then 

=A|A|2 + 16i^A:i(A - 1)|A| - 2|VAl|2 - + SR^pjkh^h^f^ 

- mukh%hfj + 2R^kpkhfjh^ + 2Pi + 2P2 
<A|yl|2 - 2|VAl|2 - ARujkhfkKj + 8Ra,gjkhih% 

- ARiMkhtjh% + 2R^kpkhfjh^ + 2Pi + 2 P 2 + 8Xfci(A - 1) + SKk^iX - l)\A\^ 

From the calculation in the proof of Theorem 3.2 in [HLY], we have 

. -ARujkhf.h-^ = -AR,2i2i\A\^ 

• 8Ra,pjkhihf^ = 8i?i234(|A|2 - |VJeJ2), 

• —ARikikhfjhfj = —i?i2i2|^P, 

• ‘2Ro.kpkh^,jK^ = 2R^:i{h%f + 2R^i{h%f + AR:i^hlh% - 2R^i^M?. 

Hence we have 

(|- - A)|A|2 < - 2|VHp + 8(i?i234 - i?1212)|Alp - 2i?3434|A|2 + 4i?i2i2|ifp 

ot 

— 8i?i234|VJE(P + 2R^'i{h\jf' + 2R44{hfj)^ + AR^4h\jh‘lj 

+ 2Pi + 2 P 2 + 8Kki{X - 1) + 8Kki{X - 1)|H|2 

Since 

2Rc,kpkH^H^ = 2R33iH^f + 2i?44(i?^)" + 41?34-H^i?^ - 2R3434\H\^, 
by®, we have 

(43) (I- - A)|iJ|2 = -2|VFrp + 2R33{H^f + 2R44{H^f + AR34H^H^ - 2i?3434|ffp + 2 P 3 

ot 

Hence 

(^-A)(|Hp-a|Hn 

< - 2(|VA|2 - a|Viin + 8(i?i234 - i?i2i2)(|Alp - alFTp) + [8ai?i234 + (4 - 8a)i?i2i2]|Hp 

(44) - 8i?i234|VJEj" + 2i?33(|H|2 - alFfH + 2(i?44 - RssKM"^ - 
+ AR34{h%h% - aH^H^) - 2i?3434(|Alp - a\H\^) 

+ 2Pi + 2 P 2 - 2aP3 + 8Kki{X - 1) + 8Kki{X - 1)|H|^ 
where \ha\‘^ and H°‘ are defined by 

= H‘^ = J2hZ. 
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Let Q = \A\‘^ — a\H\‘^ — bki. By assumption, we have cos^ a > ^x-\- 2 ) ^ Lemma [2^ we 


have i^i234 > 0. Since have 

={^ - A)(\A\^ - a\Hf) 

< - 2(|VAp - a|Vi/n + 8(i?i234 - i?i2i2)(Q + bki) + [8ai?i234 + (4 - 8a)Ri2i2W 

- 8i?l234|VJEj2 + 2i?33(Q + bh) + 2(i?44 - i?33)(|/i4p - + 4i?34(/lf,/ly - 

- 2i?3434(Q + bki) + 2Pi + 2P2 - 2aP3 + 8Kki{X - 1) + 8Kki{X - 1)(Q + a\H\^ + bki) 

< — 2(|VAp — Cr|VPp) + 8 (Pi234 — Pi 212)(Q + bki) + [8crPi234 + (4 — 8cr)Pi212]|Pp 

- 4Pi234|Pp + 2P33(C + bki) + 2(P44 - Rss))^'^ - + m:n{h%h% - aH^H*) 

- 2P3434(Q + bki) + 2Pi + 2P2 - 2aP3 + 8Pfci(A - 1) + 8Pfci(A - 1)(Q + a\Hf + bki) 

= - 2{\VA\^ - ctIVPH + CQ + [(8a - 4)(Pi234 - P1212) + 8aKki{X - 1)]\H\^ 

+ 2(P44 - P33)(|/i4p - + 4P34(/i3p4 - aP^P^) + 2Pi + 2P2 - 2aP3 

+ [8(Pi234 — P 1212) + 2P33 — 2P3434 + 8>Kki{X — \)]bki + 8Kki{X — 1), 

here C is a function. In the following, C always means a function, which might be different at 
places. 


In Lemma EH we choose ry = | — a, then 


[VAp > ajVPp - 


4a-2 
3-4a' 


where 


Imp — Pqoio + P?i2i + R? 


''3212 w .i?3i21 

,,2 I ,2 


'4121 
2 


R: 


4212- 


Assume a G [0, \) and ?/ > 0, z > 0. Since = sim a, then by Lemmawe have 


<■^{[(23 + 6(cos^ a + z^))^ + (23 + 6(cos^ a + 2/^))^(A - I)^ 

+ 12cosa[(23 + 6(cos^ a + z^))?/ + (23 + 6(cos^ a + y'^))z\{X^ — 1) 

+ 144sin^ acos^ a(A + 1)^} 

k"^ 

<^[1682(A - 1)2 + 261(A2 - I) + 144sin2 acos^ a(A + l)^, 

where we have used Cauchy inequality, 

[(23 + 6(cos2 a + z^))y + (23 + 6(cos2 a + y'^))z^ 

<[(23 + 6(cos 2 a + z^))^ + (23 + 6(cos2 a + y‘^))\y‘^ + z^) 

<2 • 292 sin2 a. 

Since 1 < A < 1 + we have 

1^12 < ■h[34(A — 1) + 9sin2 acos2 a(A + 1)2]. 
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Since ^ < cr < |, we have 


(46) 


|VA|2 > a\VH\^ 


(2a — l)kf 
16(3 - 4a) 


[34(A — 1) + 9sin^ acos^ a(A + 1)^]. 


Hence we obtain 


<CQ + [(8(7 - 4)(i?i234 - i?i 2 i 2 ) + 8 aKki(A - 1)]\H\‘^ 

(47) + 2(i?44 - R33)i\h4\‘^ - + ^R3Mjh% - aH^H^) + 2P, + 2P^ - 2aP^ 

+ [8(i?i234 ~ ^ 1212 ) + 2i?33 — 2i?3434 + 8 Kki{X — l)]bki + 8Kki(X — 1) 

+ —^^[34(A — 1) + 9sin^ acos^ a(A + 1)^]. 


At the point |i7| ^ 0, we choose { 63 , 64 } for NP, such that 63 = H/\H\ and choose { 61 , 62 } for 
TE such that = XAj. Set /i“ = hf- + then = h^j - ^\H\gij. Denote the 

norm of (/i“), (A“ ) by \ha\, \ha\ respectively. Then = |i7| and = 0. From the calculation 
from the proof of Theorem 3.2 in [HLY], we have 


2Pi + 2 P 2 — 2aP^ 

<2\h3\^ + 2\h4\^ + (2 - 2(7)|A3|2|iJ|2 - + 8|^3|"I^4|". 


Then we have 

<CQ + [( 8(7 - 4)(i?i234 - i?i 2 i 2 ) + 8aKkiiX - 1)]\H\^ 

+ 2(i?44 — .R33)|^4p + ^R3Ak\jh‘lj 

+ 2|h3|^ + 2|h4|^ + (2 — 2(7)|h3|^|i7|^-^— \H\^ + 8|A3|^|A4|^ 

+ [8(i?i234 — A 1212 ) + 2i?33 — 2i?3434 + 8Kki(X — l)]&fci + 8Kki(X — 1) 

+ [34(A — 1) + 9 sin^ a cos^ q;(A + 1)^] 

8(3 - 4(7) 
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Since \H\^ = 25^(l^3p + l^4p — Q — bki), then 


<CQ + --r[( 8 cr — 4)(i?i234 — R 1212 ) + ScKki^X — l)](|h 3 p + IA 4 P) 

Act — i 

+ 2(i?44 — -R33)|h4p + 2|_R34|(|h3p + |h4p) + 2|h3|^ + 21 ^ 4 !^ 

+ 2(j — 1 + l^4p — bki) — 2^ _ I (l^3p + l^4p — bki)^ + 8|h3p|h4|^ 

+ [8(i?i234 — ^ 1212 ) + 2i?33 — 2i?3434 + 8Kki{X — l)]&fci + 8Kki{X — 1) 

+ 4r^- 7 % [34(A — 1) + 9 sin^ a cos^ q;(A + 1)^] 

8(3 - 4fT) 

— --t[( 8 (T — 4)(i?i234 — -R 1212 ) + 8aKki{X — l)]&fci 

Za — 1 


+ [8(i?l234 — -R 1212 ) + 2|i?34| + 2|i?44 — i?33 | + 

, rr>7-» r»7-| , 1 / \ . 


16aKki{X — 1) 46fci 


2cr- 1 


2cr- 1 




+ [ 2 i ?33 - 2R3434 + 8 KkiiX - 1 ) - --^(A - l)] 6 A:i + 8 Xfci(A - 1 ) 

Za — i 

+ ^s(3 _ 4g) - 1) + 9sin3Q.cos3a(A+ 1)3] - 

=CQ + |^(|i4|3 - 

^ \ niri I n I l(yaKki{X—l) Aabki 

+ [8(i?l234 ~ -R 1212 ) + 2|i?34| + 2|i?44 — i?33| H-----h --- 

Za — i Za — 1 

+ [2R33 - 2R3434 + SKkiiX - 1 ) - - l)] 6 A:i + 8 Xfci(A - 1 ) 

+ ^^3^^[34(A- 1) + 9sin2acos2a(A + 1)2] - 


2a- 1 




Cl = 8(i?i234 — -R 1212 ) + 2|i?34| + 2|i?44 — i?33| + 


16aKki{X — 1) Aabki 


2a- 1 


2a-V 


C 2 =[2i?33 - 2 R 3434 + SKkiiX - 1) - ^P^iX - l)]bki + 8KkiiX - 1) 

Z(J — i 

+ ~ 1 ) + 9sin2acos2a(A+ 1 ) 2 ] - ^^^ 52 ^ 2 . 


Then we have 


4ct — 4, 


bki 2 I2a — ' 


- A)0 <CQ + ^(Ih4l2 - ^)2 + ^|h3l>4l^ 
+ C'l(j/l3j2 + jh4j2) + C2- 


(48) 
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By Lemma [231 we can estimate Ci as following 


Cl < + 6cos^ a)\ — (10 + 3sin^ ct)\ki — 2[(3 + 3cos^ a) — 2A]A:i 

(29 - Ocos^ a)(A - 1) l&(jKki{X-l) Aabki 

H- - - ki + 9(A — Ijfci + 


2cr- 1 


^559 + 78cos2a OSS + TScos^a , 167s:(A-l) 
— A — — ' 


' 24 

<[32(A- 1)-4A + 


24 

16criC(A- 1) 
2cr- 1 


Aah 
2cr- 1 


2 ct - 1 
]ki 


Aah 
2a- 1 


2cr- 1 
]ki 


Then by the condition b = ^2-^(8 — 7A) — 4iL(A — 1), we know Ci < 0. 

By Lemma (231 and since K = min{2, 2fci}, we can estimate C 2 as following 

ft <[7A - ° + + 16(A - 1) - 


2cr- 1 

u2/\ 1A I ~ loA f \ I n„;„2_„2 \ , i a2i ^ ^2^2 


+ 16/C]^(A — 1) H“ 


8(3-4(t) [34(A- 1)+ 9sin acos a(A + 1) ] “ 2^7 _ i 


={[23A- 


41 + 3cos^a 16iLcr(A — cr + 1 2 


2cr- 1 


'-]b- 


2a-1 

+ 16(A — 1) + —^^[34(A — 1) + 9sin^ acos^ a(A + 


8(3 - Aa )' 


Set t = cos^ a. Then 

, (2cr - l)kl 


C 2 < 


8(3 - Aa) 

350 - 444cr 


{-9(A+irt" + [9(A + l)^- 


2 12(3-4(7) 


b]t 


8(3 - 4cr) 


and 

(49) 

where 


+ 2a-1 + 2a-1 

f{t) = -ait^ + a2t + 03, 

oi = 9(A + 1)^, 
a2 =9(A+1)2- 


2a- 1 
41 8(3-4a)(a + l) 


(2a-1)2 


62} 


2 12(3-4a), 


03 = 


2a- 1 ’ 

350-444a,. 8(3-4a)^^^^ 41^^ 8(3 - 4a)(a + 1) 2 


2a - 1 


-(A-l) + 


2a-r(^'^-Y)^- 


(2a-1)2 


bC 


to — 


(I 2 H" \/ci2 4aia3 

2ai 


Then C 2 < 8(V4a)' /(^) and /(fo) = 0. 

We first to check that /(I) < 0, i.e., —oi + 02 + 03 < 0, then implies that to < 1- That is 

““ - “n-IA - 1 ) + fcl£) (23A - 22)3 - ^ 


2a - 1 


2a- 1 
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Set a; = A — 1. Then b = — 7x) — AKx, we have 


- 8(3-4.)(yl) 2^ 

[ 2(7 — ly a 

_m - 444.^ ^ 8(3-4.)(,3, + i„i _ _ 32(3 - 


2(7—1 a 

8(3-4cr)(cr + l) 


2(7- 1 


/-I Aid K , >2 

(l-(7+^)xf 


350-444(7 8(3-4(7) 32(3-4(7)^^ 

<—^-^—X + -^(23x + 1)(1 - lx) -^- t-^Kx 


2(7- 1 


2(7- 1 


8(3-4(7)((7 + 1) ^ 16(3 - 4(7)(cr + l)^^ ^ AaK 

2 ^ 2 ^o 7 

(7^ CT^ 2(7—1 

^350^^ ^ 8(3-4.) ^ _ 8(3-4.)(.-H) 

2(7—1 (7 (7^ 

112(3-4CT)((7-hl)x 64(3 - 4(7)it:x 

(7^ (7(2(7 — 1) 

<3502^^ + fci£)(l + 16 .) - 

2(7—1 (7 (7^ 

112(3-4CT)(CT-hl)x 128(3-4 ct)x 


(7(2(7 — 1) 


< 


8(3 - 4(7) 


(-1 -h (30(7 -f 14)x) -h (222 - 956(7 -h-) 


384. X 


(7 2ct — 1 


<^[4(3 - 4ct)(- 1 -f (30(7 -h 14)x) -h (-478(7^ -h lllcr^ -h 192(7) 

(7^ 

2.8. , X . 

^T7(o(-1 + 34x) + 128-^) 


2 ct - 1 ^ 


■(72'3' 


2 ct - 1 ' 


-^(-1 + 34xT48^). 


Since 0 < x < ^ and ^ -I- we obtain that -1-1- 34x -I- ^^ 2 a-i ^ /(I) ^ Then 

we have f{t) < 0 for to < ^ < 1- Hence (72 < 0 for cos a > to- 

At the point |i7| = 0, it is easy to obtain that (also see the inequality (3.12) in [HLY]) 


2 P 1 + 2 P 2 < 3|A|^ 
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and P 3 = 0. Thus, |Ap = Q + bki, by (38) we have 
<1 - 

< — CQ + 2[R44 — i?33)|h4|^ + AR34h^jh‘^j + 

+ [8(i?i234 — R 1212 ) + 2i?33 — 2i?3434 + 8 Kki{X — l)]&fci + 8 Kki{X — 1) 

+ [34(A - 1) + 9 sin^ a cos^ a(A + 1)^] 

< — CQ + 2|i?44 — i? 33 ||Alp + 2|i?34||Ap + 8 {Q + bki)^ 

+ [8(i?i234 — -R 1212 ) + 2i?33 — 2i?3434 + 8 Kki{X — l)]&fci + 8ii'fci(A — 1) 

+ [34(A — 1) + 9 sin^ a cos^ a(A + 1)^] 

8(3 - 4cr) 

= — CQ + 2|i?44 — i?33|(Q + hki) + 2\R'44\{Q + bki) 

+ [8(i?i234 — -R 1212 ) + 2i?33 — 2i?3434 + 8 Kki{X — l)]&fci + 8Xfci(A — 1) 

+ [ 34 ^^ _ 2 ) + 9 sin^ a cos^ a(A + 1)^] + 3b^kf 

8(3 - 4(t) 

= — CQ + —^^^i[34(A — 1) + 9sin^ acos^ a(A + 1)^] + Sb^k^ + 8 Kki{X — 1) 

8(3 — 4a’) 

+ [2|i?44 — i? 33 | + 2|i?34| + 8(i?i234 — ^ 1212 ) + 2i?33 — 2 R 3434 + 8 Kki{X — l)]&fci 

Set 

C 2 ~ 1) + 9sin^ a cos^ a(X + 1)^] + Sb^k^ + 8 Kki{X — 1) 

+ [2|i?44 — Rssl + 2|i?34| + 8(i?i234 — -R 1212 ) + 2i?33 — 2i?3434 + 8 Kki{X — l)] 6 fci. 

Then it is easy to get 

C 2 = Cibki +C 2 + ^^^b^kl 
2(7 — 1 

Since |<o’<|,C'i<0 and C 2 < 0, we have C 2 < 0. 

Therefore, from the above argument, we have 

(^-A)g<CQ. 

for some function C. Applying the maximum principle for the above parabolic equation, we know 
that 

Q <0 

along the flow, if it is true on initial surface. □ 

6 . Long time existence and convergence 

In this section we prove the long time existence and convergence of the symplectic mean curvature 
flow under the assumption of Theorem ll.41 using the same argument in [HLY]. For convenience of 
readers, we provide the detailed proof here. 

Theorem 6.1. Under the assumption of Theorem [13 the symplectic mean curvature flow exists 
for long time. 
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Proof. Suppose / is a positive increasing function which will be determined later. Now we compute 
the evolution equation of l-ff 

(|-A)(|i7|V(^)) 

at cos a 

={^ - A)\H\^f{^—) + - A)/(^—) - 2V\Hf ■ V/(^—). 

^ dt ^ cos a' ^dt ' cos a ' ^ cos a ^ 

Under the assumptions of the theorem, we have 

Q _ 

(—-A) cos a = IVJe, P cos a + i?fc( Jei, 62 ) sin^ a 

ot 

> IVJej cosa. 

By the evolution equation of |i?P, we have 


= - 2|V//p + 2il-33(ij3)2 + + 4i?34i/3ij4 _ 2i?3434|iJ|2 + 2 P 3 


< - 2|V7Jp + ( 6 fc 2 -3fci)|iJp - -[(3 + 3 cos2 a)ki - 2k2]\H\^ 

+ i(23 + Gsin^ a)(fc2 - ki)\H\^ + 2\H\'^\A\^ 

O 

= - 2\VH\^ + [^(17A - 13) - ^(A + 1) cos^ a\ki\H\^ + 2\H\^\A\^. 

8 4 

We have used P 3 < in the above equation. 

Denote C = |(17A — 13) — |(A + 1)5. Since cos a > VS > 0 and the pinching condition, we have 

(|-A)|i7P 

< - 2|Vi7p + C'A:i|i7|2 + 2\H\^{a\H\^ + bki) 

= - 2|Vi7p + {C + 2b)ki\H\^ + 2a\H\‘^. 

Putting the above inequality into the evolution of we get that 

(|-A)(|77|V(^)) 

ot cos a 

<f{^—){-2\VHf + (C + 2b)ki\Hf + 2a\H\‘^) 

cosa 


- \H\Hf' 


cosa 

IJ\2\ _ I tj\‘2 


n./ 1V cosap „ |V cosap 

cos^ a cos4 a 


_ , V(/|Hp)-|HpV/ ^ 1 

/ ' cos a 

=(C + 2i.)h/|HP + |HP/(j^)(-2l^H 


j cosa 
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Set (/) = /|i/p. At the point where ^ ^ 0, it is easy to see that 


= fV\H\^ + \H\^Vf = fV\H\^ - \H\^f 


2 V COS a 


i.e., 


(52) 


Vcosa _ / V|iJ|2 V(j) 
cos^ a /' (j) 


Plugging (52) into (51), we obtain 


4-a)0 

<{C + 2b)ki(j) + (j){—2 




+ ( f" I 2 

+ (/,) 2 i / + f 


\H\^ 

W? 


+ 2a\HY - 


f cos a 


— 2 /'cos a) ( 


|V|g| 

\H\^ 


2|2 


-2 


v|gp w 

\H\^ ■ <)- 4'^ 


+ mvr 


2 ,V 0 Vcosa 


4 cos^ a 

(53) <iC + 2b)hki4 + 4{-{^^ + 2a\H\^) 

^ ’ 2j cos a 

+ , .MM _ o /|V|g||cosa , 

^ IIJ-12 IIJ-12 ° IIJ-12 ^ ^/It7l2 




in \H\^ 


+ mrf 


2 r /^4 Vcosa 


//" o / 


/'li^p 


, 2 + / f,\2 ~ ^77 *^osa + 2)( 

4 COS"'a (/ )^ / 


|V<^P 


-2 


V|iJp V(/) 

ThF'T 


/' 


=(C + 2^<=.0 + ^(-^ + 2.)m" + ^(-4^-8 


//" o/coso . 
iJTp-S—+6)- 


//" 042 IWP ,V|i/p , ^,^, 2 „V(). Vcosa 




- 2 - 


\HV 


-) + mvf' 


4 cos^ a 


Set 


jT = g, we choose g such that for x G [ 1 , -^] 


I x/g > 4cr, 

\-V + 85/a:-2 = 0 . 

We choose c(x) = ^ — ax hy solving the last equation, where a will be defined later. It reduces to 
solve the inequality 


i.e., 


Note that 


/I 1 N 1 1 M 1 1 

<2-4^b^“^&' “‘"'■yi'- 


cos a > 


13A-10. 1 


1 


-> - > (1-^)^ 

3(A + 2) - 3 ^ 2a’ 


for any a G ( 5 , §]• 
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Hence we can choose « = 5 ~ then 


X I 1 2 


and 


fi.x) = 

Then for any a; G [1, 


(1 — 2aYx^ 1 

(1 — 2aa;)^ (2cr — (2cr — l)a;)^ ’ ’ 


1 < f{x) < 


{2a'/S — (2(7 — 1 ))^ 


By (44), we have 




//" . / 


.|V(()|2 V\H\^ V((), 


(54) <{C + 2b)ki(l) + (j){-jjj^ - 2— coso; + 2)(— 




2 ,V(/> Vcosa 


(f) cos^ a 


This implies that 




4^maxX} — 4 ” 2.h')h\(j)^axX) ^ 


where (j)max(t) mean the maximum of (^ on Ej. Hence 

\HWt) < Cj^maxit) < e(C+2&)'=i*|iJ|2(0)/(^)(0). 

COS a 

We have 

\HWt) < Coe^i*, 

where Co depends only on maxsj, |Hp, A and cr. Pinching inequality implies that 

IHp < C2e^i‘ + 5fci. 

We finish the proof of the theorem. 


□ 


Theorem 6.2. Under the assumption of Theorem \1.4[ the symplectic mean curvature flow converges 
to a holomorphic curve at infinity. 

In fact, this theorem can follows from Corollary 4.2.1. But here we also provide the argument 
from [HLY]. 

Proof. Since cos^ ci; > A and A < 1 + ^ and (32), we know Ric{Jei, 62 ) > ^ki. By the evolution 
equation of cos a 

Q _ 

(—- A) COSO = IVJe. p cos a + RiciJei, 62 ) sin^ a, 

at 

we have 

, d 17 . 2 

(—- A) cos a > -ki sm a. 

C/C O 

Rewrite the above inequality as 

(^ - A)sin^(a/2) < sin^(a/2). 
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Applying the maximum principle, we get that sin^(a/2) < By Theorem 6.1 we know that 

the symplectic mean curvature flow exists for long time. Thus for any e > 0, there exists T > 0 
such that as t > T, we have 

cos Of > 1 — e, 

( 55 ) sina< 2 e, 

|V cosap < sin^ a|VJi;j p < 2e|VJi;j p < 4e|Ap. 

Therefore by pinching inequality, 


(56) 


(— - A)cosa > -|i/pcosa > (^I^P - 


From the evolution equation of |Ap, we have 

(|- - A)|Ap < -2|VAp + CilAp + C 2 IAP + C 3 , 
at 

where Ci, ( 72 , are positive constants that depend only on fci. A, K. 

Let p > 1 be a constant to be fixed later. For simplicity, we set u = cos a. Now we consider the 


function 


Ah 


(1-A)^ 

^ dt ^ eP“ 


=2V( 


1^ 

epu 


VeP“ 

ePu 




|/ 1|2 1 1 
<2pV(^) • Vu + _{e^“(Ci|Ap + C 2 IAP + C 3 ) -p|ApeP“[-(l - e)|Ap - ^ -p|Vup]}. 

Using (52) we obtain that, 

a |_4|2 |3|2 1 1 

(^ - < 2l^V(^) . Vu + —[(Cr - -p(l - e) + Ve)|AP + C 4 IAP + C 3 ] 


Set = -j then 


Ci-^p(l-e)+Ve = Cr-^e- 


2cr 


4. 


As t is sufficiently large, i.e., e is sufficiently close to 0, we have 




+ -!-e5 + 4 < - 1 . 

2(7 


Hence 


. d .^I^P ^ |Alp 

^dt e2p“ 


C 4 IAP 

eP“ 


Pi 

epu- 


Applying the maximum principle, we conclude that is uniformly bounded, thus |Ap is also 
uniformly bounded. Thus F{-,t) converges to Fao in (7^ as t —>■ 00 . Since sin^(^) < we 


have cos a = 1 at infinity. Thus the limiting surface F^o is a holomorphic curve. 
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